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Memoirs - Mémoires 

From time to time Mathemati­
cal Reports will publish longer 
(maximum 20 pages) survey ar­
ticles by Fellows, reporting also 
on their own research. These 
are meant to correspond to 
inaugural lectures traditionally 
presented by fellows of other na­
tional Academies. Our pro­
gramme of short notes written 
or presented by Fellows remains 
unchanged. 

De temps en temps, les Comptes 
Rendus Mathématiques pub­
lieront des articles plus longs (20 
pages au plus) des membres de 
l'Académie, incluant une 
description de leurs propres re­
cherches. Ceci tient le rôle des 
leçons inaugurales, qui sont 
traditionnellement présentées 
par les membres d'autres 
académies nationale». Notre 
programme de notes courtes 
écrites ou présentées par les 
membres reste inchangé. 

CAN ONE DEVELOP A NONCOMMUTATIVE GEOMETRY 

FOR GROUP THEORYT 

Panlo Ribenboim 

F.R.S.C. 

Dedicated to Jânoa Aczéi on the occasion of hi» tiltieth birthday 

The answer to this question is "maybe", and I wish to explain why I do not 

rule out immediately the possibility of developing a geometric language for 

group theory. 

In (commutative) algebraic geometry, it is question of studying coordinate 

rings of varieties and their prime ideab. This leads to the concept of the spec­

trum of a commutative ring .4. 
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For the purpose of my discussion, I recall that Spec A consists of a topological 

base space and a sheaf of local rings. The base space is the set of all prime ideab p of 

A, with Zarbki's topology. The sheaf of rings has stalk at p equal to the localization 

of A at p . 

The fundamental theorem that justifies the consideration of the spectrum of A 

states that A is bomorphic to the ring of global sections of Spec A. 

My aim b to indicate that a framework of a similar kind may be conceived in the 

study of groups — thb involves of course nonabelian groups, finite or infinite, but abo 

special classes of groups, like profinite groups. Specifically, the analogue of the spec­

trum of a ring should be proposed, including the base space; global sections and the 

process of localization. 

1. How to introduce a "spectrum" for groupsf 

In commutative ring theory, the spectrum serves to analyze the ring, looking at 

every local piece, and the ring may be synthesized from the local data by forming the 

ring of global sections. 

In group theory, a direct imitation of the construction for rings does not seem 

feasible. However, it b possible to grasp the spirit of the construction and do some­

thing analogue for groups. In the synthesis, it b essential to build the group from 

given data. Now the data consbts of a given family of groups (analogous to the 

stalks), with appropriate homomorpbbms (counterpart to the morpbbms of localiza­

tion). For groups there are abo "twists", i.e. actions, which of course are trivial in a 

commutative situation. 

So thb comparbon leads to the concept of an oc/i«e family of group» as the data, 

and their active sum, as the analogue of the ring of global sections (see [6]). 

Let / be a partially ordered set — which b to be construed as the analogue of the 

partially ordered set of prime ideab of a ring. Actually, in order to cover a situation of 

interest just like in the theory of quivers, I may wbh to take / as a directed multi-

graph, however I shall abstain from doing it here. 
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Let [Gi)i(l he a family of groups and, if i,j € / and i S j , let ^.y: G; - Gj be a 

homomorphbm; moreover, Ça b the identity and \t i S j s k then ^ = 4>jk0fa}-

Thus, (£,•),•(/ b a directed family of groups, indexed by / . 

Let G = IK?,- be the dbjoint union of the groups Ct- (i € / ) . Let ?: G - / be the 

map such that i^g] = i exactly when y € G,. 

Let (G',-')i'€/'i ti'f, G', w* be given similarly. 

A map /i: G - G' b compatible when it satbfies: 

1) it g,h i G and )r(j) = it(h) then ïï(pj) = ^(pfc); thus p defines a map 

£ : / • • / ' such that the following diagram b commutative: 

G - G' 

T 4 * V 

/ -* /' 
i£ 

2) £ preserves the order. 

If p: G -• G', ii': G' -• G' are compatible, so b /»'•/< and fi'»<i = g'o^. 

A compatible map /i: G -• G' b a homomorphism when it satbfies: if 71(g) = it(h) 

thenp(aA) = ii(g)ii[h). 

If /«: G - G', p': G' -• G' are homomorpbbms then so b p/op. 

A trivial case b a family consisting of only one group A (i.e. / = {0}, Go = A), 

which we denote by A for simplicity. So a homomorphbm p: G - .4 b a mapping such 

that if n{g) = jr(A) then it(gh) = ii(g)p(h). 

A homomorphbm p: G - G' b an isomorphism when it b bijective and / i - 1 b 

compatible. It follows that £ b abo bijective and for every i € / , / i | o(: G,- i G'M) b 

an bomorphbm. 

If /i: G - G', /t': G' -• G' are bomorphbms so are /J'O/I and the inverse map 
fi-'-.G'-G. 
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A homomorphbm /t: G -• G b called an endomorphiam of G. An bomorphbm 

from G to G b called an au/omorpAiam of G. Let Aut(G) denote the group of auto-

morphbms of G. 

A mapping r G -• Aut(G) b called an action when it satbfies: 

(1) If ir{g] = )r(A) then r,* = r,"^, 

(2) If I,- b the unit element of G,- then rj, b the identity automorphbm of G, 

(3) Il g t G, then Tl\al b the inner automorphbm of G,- defined by g (hence 

Iti*] = '), 

(4) If *{g) = i s j then T^,) = T,. 

In particular, if the action b trivial, each G, b abelian. If T^ is the identity map of / , 

for every g i G, the action b called normal. 

The data ((G|)i(/,r) b called an active family of groups. 

Before proceeding, I wbh to give some examples. 

Example 1. Let G be a finite group, let (G,-),-E/ be a family of subgroups of G, 

partially ordered by inclusion; if G,- C Gy (with t,; € / ) take tpij to be the inclusion 

map. Let G = IIG,-. For each i € /, y € G assume that there exists j i I (neces­

sarily unique) such that 9 - ,G,-j = Gj. Let j^: / -• / be defined by »^(i) = j and let 

r,: G - G be given by the conjugation by g, that b, if A € G,- then 

M M = 9~lhg € G^(,') thus r b an action and ((G,-)i{;,T) is an active family of sub­

groups of G. 

In particular, (Gt)i</ may be the family P of all primary subgroups (i.e. having 

prime-power order); or the family S of all Sylow subgroups; or the family M of all 

monogenous normal subgroups of G, i.e. all subgroups generated by one element and 

its conjugates). I note that, if each G,- is a normal subgroup, then for each 9 € G the 

mapping r^ is the identity map of / , that b the action r is normal. 

It b useful to consider active families of profinite groups, the definition being just 

about the same as before, with the exclusive consideration of continuous homomor-

phbms of profinite groups. Thb b worthwhile, in view of the following example ([7]). 


