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CAN ONE DEVELOP A NONCOMMUTATIVE GEOMETRY
FOR GROUP THEORY?

Paulo Ribenboim
FRS.C.

Dedicated to Janos Aczél on the occasion of his sizticth birthday

The answer to this question is “‘maybe”, and I wish to explain why I do not
rule out immediately the possibility of developing a geometric language for
group theory.

In (commutative) algebraic geometry, it is question of studying coordinate
rings of varieties and their prime ideals. This leads to the concept of the spec-
trum of a commutative ring A.



4 Paulo Ribenboim

For the purpose of my discussion, I recall that Spec A consists of a topological
base space and a sheaf of local rings. The base space is the set of all prime ideals p of
A, with Zariski’s topology. The sheaf of rings has stalk at p equal to the localization
of A at p.

The fundamental theorem that justifies the consideration of the spectrum of A
states that A is isomorphic to the ring of global sections of Spec A.

My aim is to indicate that a framework of a similar kind may be conceived in the
study of groups ~ this involves of course nonabelian groups, finite or infinite, but also
special classes of groups, like profinite groups. Specifically, the analogue of the spec-
trum of a ring should be proposed, including the base space; global sections and the

process of localization.

1. How to introduce a “spectrum" for groups?

In commutative ring theory, the spectrum serves to analyze the ring, looking at
every local piece, and the ring may be synthesized from the local data by forming the

ring of global sections.

In group theory, a direct imitation of the construction for rings does not seem
feasible. However, it is possible to grasp the spirit of the construction and do some-
thing analogue for groups. In the synthesis, it is essential to build the group from
given data. Now the data consists of a given family of groups (analogous to the
stalks), with appropriate homomorphisms (counterpart to the morphisms of localiza-
tion). For groups there are also “twists”, i.e. actions, which of course are trivial in a

commutative situation.

So this comparison leads to the concept of an active family of groups as the data,

and their active sum, as the analogue of the ring of global sections (see [6]).

Let I be a partially ordered set — which is to be construed as the analogue of the
partially ordered set of prime ideals of a ring. Actually, in order to cover a situation of
interest just like in the theory of quivers, I may wish to take I as a directed multi-

graph, bowever I shall abstain from doing it here.
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Let (G;)i¢s be a family of groups and, if 1,5 € [ and i S j, let ¢;;: G; ~Gjbea
homomorphism; moreover, ¢;; is the identity and if i = j = k then ¢ix = ¢x0¢;;.
Thus, (G;)ier is a directed family of groups, indexed by 1.

Let G = 'IGIIG; be the disjoint union of the groups G; (i € I). Let m: G = I be the
map such that x{g) = ¢ exactly when g € G;.

Let (G'i)iter, ¢ityr, G', 7’ be given similarly.

A map u: G - G' is compatible when it satisfies:

1) if g,h € G and n(g) = n{h) then m{pg) = n(ph); thus p defines a map
g: I = I' such that the following diagram is commutative:

~ -0
l'=
- Q
i

L
by

2) p preserves the order.

If p: G = G', p" G'~ G’ are compatible, so is plop and plop = plop.

A compatible map p: G ~ G' is a homomorphism when it satisfies: if 7{(g) = x(h)
then p(gh) = p(g)u(h).

If p: G = G', p": G' = G’ are homomorphisms then so is p'op.

A trivial case is a family consisting of only one group A (i.e. I = {0}, Go = A),
which we denote by A for simplicity. So a homomorphism u: G - A is a mapping such
that if x(g) = (k) then u(gh) = pu(g)u(h).

A bomomorphism p: G = G' is an isomorphism when it is bijective and p~! is
compatible. It follows that g is also bijective and for every ¢ € I, p| 6 Gi Gy is
an isomorphism.

If :G-G', p"G'~G’ are isomorphisms so are pop and the inverse map
LG -G






